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ABSTRACT

In this paper we study the monotonicity and convexity properties in quasi-
Banach lattices. We establish relationship between uniform monotonicity,
uniform C-convexity, H- and P L-convexity. We show that if the quasi-
Banach lattice E has a-convexity constant one for some 0 < a < oo,
then the following are equivalent: (i) E is uniformly PL-convex; (ii) E
is uniformly monotone; and (iii) E is uniformly C-convex. In particular,
it is shown that if E has a-convexity constant one for some 0 < o < 00
and if E is uniformly C-convex of power type then it is uniformly H-
convex of power type. The relations between concavity, convexity and
monotonicity are also shown so that the Maurey—Pisier type theorem in
a quasi-Banach lattice is proved.

Finally we study the lifting property of uniform P L-convexity: if E is
a quasi-Kothe function space with a-convexity constant one and X is a
continuously quasi-normed space, then it is shown that the quasi-normed
Kothe-Bochner function space E(X) is uniformly PL-convex if and only
if both ¥ and X are uniformly P L-convex.

* The author acknowledges the financial support of the Korean Research Foun-
dation made in the program year of 2002 (KRF-2002-070-C00005) and BK21
Project.

Received March 31, 2005

o7



58 H. J. LEE Isr. J. Math.

1. Introduction and Preliminaries

The notion of uniform monotonicity of lattices was first studied by Birkhoff
in [3] and its characterization and relations with uniform convexity in Banach
function spaces have been further studied in several papers (cf. [13, 14, 15, 16]).

The strict C-convexity of complex Banach space was introduced by Thorp
and Whitely in [31] by the corresponding property characterizing the strong
maximum modulus theorem for the Banach space-valued analytic functions.
For the basic properties and characterizations of C-convexity in certain Banach
spaces, see [4, 5, 18, 19, 20].

The uniform version of complex convexity (it is called uniformly C-convex)
was studied by Globevnik in [12], and there it was shown that L!-space is
uniformly C-convex, which shows that complex convexity is quite different from
the real convexity. For the characterizations of uniform C-convexity in various
function spaces, consult [4, 5].

The moduli of complex convexity of complex quasi-Banach spaces and no-
tion of uniform P L-convexity were introduced by Davis, Garling and Tomczak-
Jagermann in [7]. In the same paper, it was shown that LP(X) (0 < p < o0)
is uniformly P L-convex if the continuously quasi-normed space X is uniformly
PL-convex. It was shown by Dilworth in [10] that a complex Banach space
X is uniformly PL-convex if and only if it is uniformly C-convex. Notice that
this equivalence does not hold in certain quasi-Banach lattices. In fact uniform
C-convexity does not imply uniform P L-convexity [24, 28].

Another notion of complex convexity (it is called uniform H-convexity) was
introduced by Xu in [32]. He showed in [34] that a complex quasi-Banach lattice
is uniformly P L-convexifiable if and only it is uniformly H-convexifiable.

Recently, it has been shown by Hudzik and Narloch [17] that a K6the function
space is uniformly monotone if and only if it is uniformly C-convex. This result
was extended to the case of complex Banach lattices by the author in [23]. In the
same paper, the lifting properties of uniform C-convexity was also investigated.
It was proved that a Kéthe function space E is uniformly C-convex and a Banach
space X is uniformly C-convex if and only if the Kéthe-Bochner function space
E(X) is uniformly C-convex. For the lifting property of complex geometric
properties to Lebesgue-Bochner spaces LP(X) (0 < p < 00), we refer to [7, 11].

In this paper, we shall study the properties of moduli of uniform monotonic-
ity of complex quasi-Banach lattices and their relations with various complex
convexities. First we introduce some notation and terminology.

Let F be a (real or complex) scalar filed. Recall that a quasi-norm on a
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vector space X over F is a real non-negative function | - | on X satisfying
(1) ||az|| = || - ||z|| for all scalars o € F and all z in X;
(2) there exists K > 0 such that ||z +y|| < K(|[z]| + [|y||) for all  and y in
X; and

(3) |lz|l = 0 if and only if z = 0.
The smallest K for which (2) holds is called the quasi-norm constant of
(X, ]l |)- The complete quasi-normed space X is called quasi-Banach space.
X is said to be a-normable, where 0 < o < 1, if for some constant B we have

(1.1) 1 4 -+ @l < B(llza ]|+ -+ ]| ),

for any x1,...,2, in X. If inequality (1.1) holds for B = 1, the quasi-norm || - ||
is called an a-norm.

In a real vector lattice E, we use the standard notation: let A be a subset of
FE and let x, y be two elements in F,

(1) zVy:=sup{z,y},

Vazea® :=sup A, if sup A exists in Ej;

2) |z| =2V (-z);

(3) 2t :=2Vv0,z7 = (—xz) V0

(4) x Ay :=inf{z,y} and A\ .,z := inf A, if inf A exists in E.

Now let (E,||-]|) be a quasi-Banach lattice, that is, F is a real vector lattice
with a complete quasi-norm || - || satisfying the monotonicity condition: for z, y
in K

|z < |y| implies [lz]| < [lyll.

The Aoki-Rolewicz theorem (see [1, 30]) asserts that a quasi-Banach space
X with quasi-norm constant K is a-normable with B = 4 in inequality (1.1),
where « is defined by the equation (2K)* = 2. We can then have an equivalent

quasi-norm

n 1/«
ol = wt { (S hal) o=
=1

Thus (E,| - ||) is an a-norm. In the case of quasi-Banach lattice E, we can
obtain the lattice renorming || - || defined as

n 1/«
el =inf{(2|xi|a) ol =1t T 213 0T > o},
=1

and so that (E,| - |) is an a-norm.
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We confine ourselves to continuously quasi-normed spaces (X, || -||), that
is, the quasi-norm || - || is uniformly continuous on the bounded subsets of X.
Notice that every quasi-Banach space with an a-norm is a continuously quasi-
normed space.

Let 0 < p < co. A quasi-Banach lattice E is said to be p-convex (resp.
p-concave) if there exists a constant C' > 0 such that for every finite sequence

T1,...,T, in F we have

n 1/p n 1/p
H(Z |zj|p) < O(me)
j=1 j=1
n 1/p n 1/p
<resp. H(Zw) > 01<Z ||xj||p) )
j=1 j=1

Recall that the Krivine functional calculus, allows us to define the element
(3, |7|P)'/? in E analogously, as for Banach lattices (see [6, 26, 21]). The
smallest constant C' is called the p-convexity (resp. p-concavity) constant of F
and is denoted by M ®)(E) (resp. M, (E)). For 0 < p < 1, it is easy to check
that the lattice p-convexity implies p-normability and that F is a continuously

quasi-normed space if MP)(E) = 1.

Notice that if F is a p-convex (resp. g-concave) quasi-Banach lattice then
there is lattice renorming (E, || - ||) of which the p-convexity (resp. g-concavity)
constant is equal to one: for each x € F, define the quasi-norm

n 1/p n 1/p
el =it { (L llel) s el = (S lasP) soneeevmn € B
j=1

j=1
n 1/p n 1/p
(e Bl =sup { (Shoste) slel = (Llal) ancvan e B}).
j=1 j=1

Now we denote by E(®) the p-convexification of a quasi-Banach lattice E
(cf. [6, 26]). In the case of function spaces, E®) can be defined by

EW = {z:|z|P € E},

with the quasi-norm
el g = Il
If E is a-convex and g-concave, then E®) is ap-convex and gp-concave with
Mer)(E®)Y = M@ (E)Y/P and M(qp)(E(p)) = M, (E)"/?. If E is a-convex
with M(®)(E) = 1, then EM/®) is 1-convex and MM (E(1/®)) = 1, so it is a
Banach lattice.
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The complexification EC of a real quasi-Banach lattice, E, consists of all
elements z + iy for z,y € E with quasi-norm ||z + iy|| = ||(|z]® + |y[*)*?|| 5.
Then EC is a complex quasi-Banach space (see [26]). We call E a complex
quasi-Banach lattice if it is a complexification of some real quasi-Banach
lattice. Throughout the paper, we denote by E a complex quasi-Banach lattice
and by X a complex quasi-Banach space if we do not specify otherwise.

The following moduli of complex convexity of complex quasi-Banach space X
were introduced in [7]: for 0 < p < co and € > 0, we define

1/p
X s 6 . _
HX () = mf{( [lio+e ywdm(m) 1l =1,y }

and

HZ () = inf{sup{[|z + ¢”y[|: 0 € T} —1: ||z = 1, lyl| = ¢},

where dm = 5-d#f is the normalized Lebesgue measure on T = [0, 27].

Let f and g be non-negative, non-decreasing functions on [0,1]. We write
g =X [ if there is K > 1 such that g(e/K) < Kf(e) for all 0 < e < 1/K, and
we write f ~ g if f < g and g < f (f and g are then said to be equivalent at
zero). It is well-known that for 0 < p < oo, all the moduli H;( are equivalent
at zero [7] and that there exists an absolute constant A > 0 such that for every
complex Banach space X and 0 < e < 1, we have [10],

(1.2) A(HZ(€))? < Hi (€) < HZ (o).

A complex quasi-Banach space X is uniformly C-convex if HZX (¢) > 0 for
all € > 0, and it is said to be uniformly PL-convex if H; () > 0 for all € > 0
and for some 0 < p < oco. By inequalities (1.2), a complex Banach space is
uniformly C-convex if and only if it is uniformly P L-convex.

A quasi-Banach space is said to be g-uniformly PL-convex if H{* = g holds.
If ge) = €" for some 2 < r < oo we say that a quasi-Banach space X is
r-uniformly PL-convex (or uniformly PL-convex of power type ¢").
Given 0 < p < o0, it can be shown (cf. [7]) that E is r-uniformly PL-convex if
and only if there exists A > 0 such that

1/p
(1.3) (/T [l + €“yl|” dm(a)) > ([l + Ayl

for all z and y in E. We shall denote the largest possible number of A by I, ,(E).
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Let D denote the open unit disc in the complex plane. For a complex quasi-
Banach X, a function f: D — X is said to be analytic if

o0
f(z)= Zanz”, z€D (an, € X,n >0),
n=0
where the series converges uniformly in every compact subset of D. For
0 < p<oowelet

HP(X) ={f: D — X analytic: ||f||g»x) < o0},

where
4 1/p
e = s ([ 15 pam))
0<r<1 T

and
I fll o (x) = sup{|| f(2)]| : = € D}.

It is easy to check that H?(X) is a quasi-Banach space for 0 < p < co. Recall
that a quasi-Banach space X is said to have the analytic Radon—Nikodym
property (ARN P for short) if there exists 0 < p < oo such that every function
f € HP(X) has a.e. radial limits on T in X, namely, if lim, ., f(re®®) exists a.e.
on T in X.

Another notion used in this paper is the uniform H-convexity [32]. For
O<p<ooand0<e< oo, let

hy () = nf{[|fll i) = 12 IF O =1, 1F = FO)ln(x) = €}

Then X is said to be uniformly Hp-convex if h (¢) > 0 for every ¢ > 0.
It is well-known [33] that for 0 < p < ¢ < 00, X is uniformly Hp-convex if and
only if it is uniformly H,-convex. Moreover we have

C1h (C1eP) < hX(€) < Coh) (Coe) (0 <e< 1),

where C7, Cs are two constants depending only on p,q and X. Thus we may
say that X is uniformly H-convex if it is uniformly Hp,-convex for some
0<p<oo.
Given a Banach space X, recall that the modulus of convexity dy is defined
by
5x(e) = inf{1 — ||(z + y)/2l| : 2,y € Bx, o —yll = e},

for 0 < € < 2, where By is the unit ball of the Banach space X, consisting of
all elements x € X with ||z|| < 1. A Banach space X is said to be uniformly
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convex if dx(e) > 0 for all e > 0. We shall use the monotonicity property of
dx [8, 26], that is, both € — dx(€) and € — Jx(€)/e are increasing functions on
(0,2].

Let us briefly sketch the contents of this paper. In Section 2, we study basic
properties of moduli of monotonicity in quasi-Banach lattices. First we show
that if a quasi-Banach lattice is uniformly monotone, then it does not contain
any lattice isomorphic cg-copy, so it is shown to be order continuous. Next
we show that every uniformly monotone quasi-Banach space is a-convex for
some 0 < a < co. In particular, it is shown that if a quasi-Banach space X is
isomorphic to a uniformly monotone quasi-Banach lattice then ¢, can not be
finitely A-representable in X for any A > 1.

In Section 3, we establish the relations between the uniform complex convexity
and uniform monotonicity. More precisely, we show that if E is a complex
quasi-Banach lattice with M(®)(E) = 1 for some a > 0, then the following are
equivalent (i) E is uniformly PL-convex; (ii) E is uniformly monotone; and (iii)
FE is uniformly C-convex.

In Section 4, we investigate the relation between uniform monotonicity of a
Banach lattice and uniform convexity of its convexification. First we show that
if F is a uniformly monotone Banach lattice, then its p-convexification E()
(2 < p < 00) is uniformly convex, extending analogous results for Kéthe function
spaces in [14]. Next we study basic quantitative properties of the modulus of
monotonicity and moduli of convexity. Applying comparison of two moduli and
Xu’s idea in [34], we show that if E is a quasi-Banach lattice with M () (E) =1
for some « > 0, then the following are equivalent: (i) F is uniformly H-convex
of power type; (ii) E is uniformly P L-convex of power type; (iii) E is uniformly
C-convex of power type; and (iv) E is uniformly monotone of power type. We, in
addition, get the Maurey—Pisier type theorem for a quasi-Banach lattice so that
for any complex quasi-Banach lattice ' the following properties are equivalent:

(1) E is g-concave for some ¢ < oo;

2

(2) E has a lattice renorming under which it is uniformly H-convex;

(3) F has a lattice renorming under which it is uniformly P L-convex;

(4) F has a lattice renorming under which it is uniformly C-convex of power

type;

(5) E has a lattice renorming under which it is uniformly monotone of power
type;

(6) for any A\ > 1, £ is not finitely A-representable in FE;

(7) for any A > 1, £ is not lattice finitely A-representable in E; and
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(8) E has the super-ARN P;

We conclude this section with an extension of Theorem 4.4 in [34], so it is
shown that if E' is a o-order continuous symmetric quasi-Banach function space
on (0,00) with M*(E) = 1 and if E is uniformly monotone of power type,
then Lg(M,7) is uniformly H-convex for any semifinite von Neumann algebra
(M, 7). For the definition of Lg(M, ), see [34].

In the last section, we study the lifting property of uniform P L-convexity.
Suppose that (X, || - ||x) is a continuously quasi-normed space and suppose also
that F is a complex quasi-Kéthe function space with M(®)(E) = 1 for some
a > 0. Then we show that the quasi-K6the-Bochner function space E(X) is
uniformly PL-convex if and only if both E and X are uniformly PL-convex.

2. Modulus of monotonicity for quasi-Banach lattices

The modulus of monotonicity in Banach lattice has been introduced in [16] and
[23]. Following these ideas we define the modulus of p-monotonicity Hf ,
0 < p < o0, of a (real or complex) quasi-Banach lattice E as follows: for each
€ >0,

17 (e) = int{|| (|2 + |yI")/?|| = 1: 2,y € B, ||z = 1, ]ly] = e}

It is clear that € — II7(€) is increasing and p — IIF(e) is decreasing. It is
also easy to see [23] that for each € > 0,

I (e) = mf{|| (|2l + |y|") /|| = 1: 2,y € E and |lz[| = 1, |yl| = €}

By the definition we have for every p > 1,

(2.1) 2 (e) ~ TP ().

We say that a quasi-Banach lattice E is uniformly p-monotone if Hf () >0
for all e > 0. A quasi-Banach lattice F is said to be uniformly monotone if it
is uniformly 1-monotone. By definition, a real quasi-Banach lattice is uniformly
p-monotone if and only if its complexification is uniformly p-monotone. In
particular, their moduli of p-monotonicity are the same.

We start with a generalization to quasi-Banach lattices of a result on a copy
of ¢y in Banach lattices (cf. Theorem 1.a.5. in [26]). Recall that a real quasi-
Banach lattice F is said to be complete (resp. o-complete) if every order
bounded set (resp. sequence) in E has a least upper bound.
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PROPOSITION 2.1: A real quasi-Banach lattice E which is not o-complete con-
tains a lattice isomorphic cy-copy.

Proof: By the Aoki-Rolewicz theorem, we may assume that a quasi-norm of
E is p-norm 0 < p < 1. Let {x,}>2; C E be an order bounded sequence which
does not have a least upper bound. By replacing {z,}32; with the sequence
{\/?:1 x; 102, we can assume without loss of generality that 0 < z; < -+ <
T, < --- < z, for some non-zero element x in E. Notice that the cone of
positive elements is closed in E. So if {z,}52; converges in this norm to an
element of E then this limit is also the least upper bound of {z,}>2,. This
contradicts to the fact that {x,}>2 ; has no least upper bound in E.

Hence there is an a > 0 and a sequence {zn;}32; of {z,};2; so that the
vectors u; = n,,, — Tn, satisfy [Ju;||? > a, u; > 0 and Y] _; up < x for all j.

We claim that for every ¢ > 0 and every § > 0, there is a subsequence
{oe )iz, of {u;}52, so that [[(vx — Bvi)*|P > a — e for all k& > 1. Indeed,
if this is not true then there is a subsequence {wy}2, of {u;}32; such that

|(wr, — Bw;)T||P < a— e for all k > j. It follows that for any k we have

k p k p
[|z]|” > Zwi =B |lkwkq1 — Z(warl - Pwi)
i—1 i—1
k k »
= B7P|| kwis1 — Z(warl — Bw)t + Z(warl — Bw;)”

i=1 i=1
Since kwgy1 > Zle(wkH — Bw;)T we get the following

k

kwg41 — Z(warl — Bw;)*

i=1

[z]|” = B77 > B7P(ka —k(a —€)) = B Pke

and this is a contradiction for large k.

Now fix 0 < € < /2 and construct a sequence {vi}g2; of {u;}32,
so that [[(vy — Bv1)t||P > a — € for all k > 1, where 7 = 2||z||’/e. Put
y1 = B 1 (Bvy — )T and yi = (vx — Bu1)t for k > 1. It is clear that y; Ay =0
for k > 1. By the choice of {vg}7; we also get yp, > 0, > 0y <D opy Uk < @
for all n > 1, ||yx||P > o — € for k > 1 and

lyall” = 1l (vr = B~ )P = JoallP = B77||2]|P = (o1 = B~ '2) 7P 2 @ —e.

Applying this argument again to the sequence {yx}7,, instead of {u;}32,

and with €/2, instead of €, we can produce a new sequence for which the norms
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of its elements are > (o — € — 6/2)1/7’, partial sum of elements is < x and the
first two elements are mutually disjoint and also disjoint from the rest of the
sequence. Continuing by induction we obtain a sequence {z;}72,, of mutually
disjoint elements of F, so that ||zx||P > a — 2¢ and 0 < 2, < « for all k. This
sequence is clearly equivalent to the unit vector basis of ¢g. |

A real quasi-Banach lattice E is said to be order continuous (resp. o-order
continuous) if for every decreasing net (resp. sequence) {Zq}aca in E with
Naca Ta =0, limg [|24] = 0.

In view of Proposition 2.1, the next two results can be proved analogously to
Propositions 1.a.7 and 1.a.8 in [26].

PROPOSITION 2.2: A o-complete real quasi-Banach lattice E, which is not o-
order continuous, contains a subspace lattice isomorphic to {.

ProproSITION 2.3: Let E be a real quasi-Banach lattice. Then the following
assertions are equivalent:
(1) E is o-complete and o-order continuous;
(2) Every bounded increasing sequence in E converges in the quasi-norm
topology of E;
(3) E is order continuous; and
(4) FE is order continuous and order complete.

We shall say that a complex quasi-Banach lattice EC is complete (resp.
o-complete, order continuous) if F is complete (resp. o-complete, order
continuous). Then it is easy to see that Proposition 2.1, 2.2 and 2.3 hold for a
complex quasi-Banach lattice.

PROPOSITION 2.4: Let 1 < p < oo. Suppose that E is a uniformly p-monotone
(real or complex) quasi-Banach lattice. Then E does not contain a lattice
isomorphic co-copy. In particular, uniformly p-monotone quasi-Banach lattice

is order continuous.

Proof: Suppose, by contradiction, that E is uniformly p-monotone but that
there is a lattice isomorphism 7" : ¢g — F such that there is a positive constant
K with

Kljz|| < [Tl < T l||

for all © € ¢p. Then choose a sequence () in S¢, with |Tz,| > (1/2)||T|| such
that lim, e ||T2n|| = ||T|]. Further we choose a sequence (y,) in B, with
lynlleo = 1/2 so that |||zn| + |ynllle, = 1 for all n € N. Thus for every n € N,
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1Tl (1 + IF (I Tyl /[ Tnll) < (T2l + | Tynl) 7))
< N(Tznl + | TyaD Il < IT (2] + [yl
<TlMznl + lynllleo < ITI

By taking the limit we obtain that
i ([ Tyall /| Tal)) = 0.
Since 1/2 < ||lynlley < K| Tynl, we have
1L (K /2| TI) < T (| Tyall/ 1T ))

for all n € N. This implies that TI7(K/2||T||) = 0, which is a contradiction
to the fact that F is uniformly p-monotone. Then Proposition 2.1, 2.2 and 2.3
imply that FE is order continuous. |

LEMMA 2.5: Suppose that E is an order continuous (real or complex) quasi-
Banach lattice with M(“)(E) = 1 for some a« > 0. Let p > 1 and let x,y
be non-zero positive elements in E. Then there are § = 6(||z], ||y|]|) > 0 and
non-zero z € ET such that z <y, ||z]| > ||y||/2 and

(2P 4+ yP)V/P >z + b2,

= (2pHIl\"JrIIIzl/III’l’)””*?I\IH
m .

In particular, we can take §(||z||, ||y

Proof: In the case of @ > 1, E is a Banach lattice and the result has already
been shown in [23]. So assume that 0 < a < 1. Let G be an ideal of E with
a weak unit such that z,y € G. Following [34], since E is order continuous,
G is order isomorphic to a quasi-Banach lattice of measurable functions on a
probability space (Q,%,u) containing L>(u). Since M(®)(E) = 1 holds, it
follows that G < L*(u) (inclusion of norm 1). Therefore we can assume that
E itself is a separable quasi-Banach lattice of measurable functions in (Q, X, )
such that
L*®(p) — E — L%(u) (inclusions of norm 1).

et Elll 2 \1/
T « a
A:{teQ:x(t)< y(t)}, k:( ) ,
[yl 20 —1
we get
N _ Kl
]| > HxXQ\AH = ||?JXQ\A||-

Iyl
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Taking z = yxa, z <y and

120 = l* = lyxanall® 2 (757) -

On the other hand, notice that for each € > 0 there is §; = d1(€) > 0 such that
for each a > e,
(1+ a”)l/p > 14 d1a.

In fact, it is easy to check that we can take

(1+e) /P —1
- :

d1(e) =
Hence if we take § = d1(||y||/||2z]|) then
(2P + yp)l/p = (zPxa + prA)l/p + (#Pxo\a + prQ\A)l/p

> xTXA +0YyxA + TX\A
=xz+ 6z,

and we obtain the desired result. [ |

By Proposition 2.4 and Lemma 2.5, we immediately obtain the following
result.

PROPOSITION 2.6: Suppose that E is a (real or complex) quasi-Banach lattice
with M(®)(E) = 1 for some a > 0. Then for each 1 < p < oo, E is uniformly
p-monotone if and only if E is uniformly monotone. In particular we obtain the
following inequalities: for each 1 < p < oo and for each € > 0,

I7(e?) < T15 (e) < TI (e).

Observe that a Banach lattice F is uniformly monotone with Hf = €" for
some 1 < p < oo and for some r > 1 if and only if there is a A > 0 such that

ICel? + [y )21 = ()™ + Ayl

for all  and y in E. We shall denote the largest possible value of A by J, ,(E).
Then, by induction, it is clear that

n 1/p n 1/r
(2.2) H (Z |zk|p> > (nzlw (B ||zk||f)
k=1 k=2

for every z1,...,z, in E. This is an analogue of formula (1.3) concerning

moduli of r-uniformly PL-convexity. We shall use this fact in the proofs of
Propositions 2.8 and 4.3.
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Recall that for A > 1, £ is lattice finitely \-representable in a real (resp.
complex) quasi-Banach lattice F if given € > 0 and n € N there exist x; > 0
(1 <i<mn)sothat z; Ax; =0 (i #j), |lzi]]| <A (1 <i<mn)and whenever
ai,...,an € R(resp. C), we have (cf. [21])

max |a;| < ||la1z1 + -+ anzn|| < A1+ €) max |a;].

1<i<n 1<i<n
Notice that ¢, cannot be a lattice finitely 1-represented in a uniformly monotone
quasi-Banach lattice E. Then by Theorem 4.1 in [21], E is a-convex for some
0 < a < oo. This proves the next proposition.

PROPOSITION 2.7: Suppose that E is a (real or complex) uniformly monotone
quasi-Banach lattice. Then E is a-convex for some 0 < a < o0.

For A > 1, { is said to be finitely A-representable in a real (resp. complex)
quasi-Banach space X if for every ¢ > 0 and every n € N there exist x; € X
(1 <i<n) so that whenever ay,...,a, € R(resp. C), we have

pax fai] < flarwy+ -+ anzal S A +€) max la;|
(for more details, see [9]). Notice that if 5, can not be finitely A-representable in
a quasi-Banach space X for every A > 1, then X does not contain any subspace
which is isomorphic to c¢g.

In the case that a modulus of monotonicity is of power type, we obtain the
next proposition (cf. Proposition 2.4).

PROPOSITION 2.8: Let X be a (real or complex) quasi-Banach space. Suppose
that X is isomorphic to a quasi-Banach lattice E which is uniformly monotone
of power type. Then {, cannot be finitely \-representable in X for any A > 1.
In particular, X does not contain any subspace which is isomorphic to cg.

Proof: Notice that if a quasi-Banach space X7 is isomorphic to a quasi-Banach
space Xo and if £, is finitely A-representable in X; for some A > 1 then / is
finitely X -representable in X5 for some A > 1. So we have only to show that
{~ is not finitely A-representable in F for any A > 1.

Notice that by Proposition 2.7, E is a-convex for some 0 < o < co. Since the
modulus of monotonicity II¥ is of power type €, by equation (2.2), there is a
positive constant J > 0 such that

o (g

n 1/r
> (||:c1||" +JZ||xk||7')
k=2
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for every z1,...,x, in E.
Recall that by the Khinchin inequality (see [9]) and by the Krivine functional
calculus, for any 0 < p < oo, there are constants A, and B, depending only on

p such that for every finite sequence x1,...,x, in F,
n 1/2 1 n 1/p
2
(k) <)z 2 [Xon])
j=1 e,=%1"'j=
/2
N2 W)
j=1
where Zéi:il means the sum over all choices of €1,...,¢, = +1.

Suppose, on the contrary, that ¢, is finitely A-representable in E for some
A > 1. So for every n € N, there exist ; € E (1 < i < n) so that whenever
ai,...,a, € C, we have

max la;| < Jlarzy + -+ 4 an@n|| < 2\ max |a;].
1<i<n

1<i<
Then
1 n a\ 1/a
Iz X [Xon))
e;=+1"' 5=
1/2 n 1/r
(Z ) |2 A0 (fal 4 5 hnl) 2 gt
j=1 k=2
Hence we have for every n,
1 n ay + n a\ +
A, Jntm < H<ﬁ Z €%; > H < M(a)( <2n Z >
e;=x1"'j=1 _
<2M@(E)A,
which is a contradiction and this completes the proof. |

As an example, we shall compute the moduli of monotonicity of LP.

Example 2.9: Let 0 < p,q < oo and E be an LP-space over a measure space
(©,%, 1). Suppose that 0 < p < ¢ < r < oo. Then the Minkowski inequality
shows that for every z,y € E,

1 1/p
I (al? + 1) 1, = < JRCCIE |y<t>|q>p/qczt>

> (|21 + llylE) = (l=lly + Iyl
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Hence Hép(e) = €l and J,4(LP) = 1for all 0 < p < ¢ < r < oo. Then
5" (¢) = €2 for all 0 < p < 2 and TI5"(¢) > H]’;“p (€) = P for all p > 2. |

3. Uniform monotonicity and uniform complex convexity in quasi-

Banach Lattices

Let E be a complex quasi-Banach lattice. Then it is easy to see that for each
x,y € E with ||z|| = 1, ||y|| =€,

2] + [ylll = sup{llz + Cyll = [¢| <1} > 1+ HZ(e).

Hence TT1¥(€) > HE (¢) and the next result follows immediately.

ProPOSITION 3.1: Let E be a complex quasi-Banach lattice. Then for every
0 < p < oo and every € > 0,

17 (e) > HZ () = H, (e).

PROPOSITION 3.2: Let E be a complex quasi-Banach lattice with M (%) (E) = 1
for some o > 0. Then

HF(€) > HE(O) 2 HE 1 0y(€) 2 15 (y/12.0(©)).

Proof: For the case of @« > 1, FE is a Banach lattice and this inequality was
shown in [23]. So we may assume that 0 < o < 1. We have only to prove the
third inequality. Note that we may assume that II¥(e) > 0 for every e > 0.
Using the same idea as in the proof of Lemma 2.5, we may assume that E is
itself a separable quasi-Banach lattice of measurable functions on a probability
measure space (€2, X, u) such that

L*®°(u) — F — L%(u) (inclusions of norm 1).

2

By [7], HS is of power type €2. So there is a positive number I = I ,(C)

such that for any complex numbers 21, 22,

1/«
(/ |21 + ei922|“dm(9)) > (|2 > + I|Z2|2)1/2-
T

Now, applying the Krivine functional calculus, we get, for any z,y in F,

. 1/«
([t emsioam) " = o + 1y
T
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Consider the simple function on [0, 27]
70) = 3" arxe, (0).
k=1

where G are mutually disjoint Lebesgue measurable subsets of [0, 27| and
ar € E. Then the a-convexity of E with M(®) = 1 gives the following

H(?aiwm(@))l/a < (;ﬁl|ai||“m<ai>)l

Hence for every simple function f : [0,27] —

E,
(3.1) I(/ Ifl“dm)l/a < ([urpean) ”

Now we find a sequence of simple functions that approximate the element |z 4+

/a

e%y|. For each n, choose

(1) = inf {Ja(t) + y(p) : 0 € 1L D) 2k

With

), 9eQ}, k=1,...,2"

on
fn(H,t) = Zak(ﬁ)X[zn(21271)722,er)(9), RS [0, 271'],
k=1

we obtain 0 < f,(6,t) T |z(t) + ey(t)| for every § € T and for every t € (.
Then applying the monotone convergence theorem, we have for each t € )

/fn(ﬂ,t)adm(ﬁ) 7 / |2(t) + %y (t)|*dm(6).
T T
Using Proposition 2.3 and 2.4, we have

Tim a8, = |l + ey

() || fev ) |

Putting f, instead of f in inequality (3.1) and taking a limit, we have, for
each x € Sg and y € E with |y|| > ¢,

) 1/« . 1/«
</|x+ewy|”‘dm) > H</|x+ewy|”‘dm)
T T

> ||(|2[2 + 1]y [)Y?|| > 1+ 15 (VIe),

and we obtain the desired result. [ |

and
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It is shown in [10] that if a sequence {x,} is unconditionally summable in a
quasi-Banach space X, then > HZX (||z,||) < co. We obtain here the monotone
version of this result by Proposition 3.2.

COROLLARY 3.3: Suppose that E is a (real or complex) quasi-Banach lattice
with M(®)(E) = 1. Then for every unconditionally summable sequence {z,,} in
E,

D15 (Jlzal) < oc.

Propositions 2.6 and 3.2 give the following theorem, which is a generalization
of the corresponding results in [17, 23].

THEOREM 3.4: Let E be a complex quasi-Banach lattice with M(“)(E) =1 for
« > 0. Then the following properties are equivalent:

(1) E is uniformly PL-convex;

(2) FE is uniformly monotone; and

(3) E is uniformly C-convex.

Recall that, in quasi-Banach lattices without the condition M(®) = 1, the
uniform C-convexity does not necessarily imply the uniform P L-convexity (see
[24] (cf. [28)])).

4. Uniform monotonicity and uniform convexity of its p-convexifica-
tion in quasi-Banach lattices

We start with an auxiliary inequality for complex numbers. The analogous
inequality for real numbers is well known (cf. Lemma 1.£.2 in [26]).

LEMMA 4.1: Let ¢ > 2; then for any 1 < p < oo, there exists a constant
C = C(p,q) > 0 such that for every choice of complex numbers s and t,

(4.1) <

s—1t]4 s+ ta\1/a |3|p+|ﬁ|p 1/p
1= +=1) <=7
Proof: Notice that the left (resp. right) side of inequality (4.1) is decreasing
(resp. increasing) function of ¢ > 2 (resp. p > 1) for fixed s, ¢ in C. Hence it
suffices to prove the inequality for ¢ = 2 and 1 < p < 2. Notice also that

‘Sgtr*‘S;tFZ (l+%)<|5|2+ltl2)+ (%-é)Re(sﬂ
1 1 1

(4.2) 2
< (74 2) U+ 13 + (5 = =) sl
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Thus, for C' > 2, the expression (4.2) is maximized when s and ¢ are positive
real numbers. Therefore it follows from the real case, Lemma 1.£.2 in [26], that
for every 1 < p < 2, there is a constant C' > 2 such that for any s,t in C,

s —t|2 s+t(2\1/2 |5|P+|t|P 1/p
(e + 1571 =)
C 2 2

Hence we obtained the desired result. [ |

The next three results are partial generalizations of Corollary 2 in [16] from
Ko6the function spaces to Banach lattices.

PROPOSITION 4.2: Suppose that E is a uniformly monotone (real or complex)
Banach lattice. Then E®) is uniformly convex for p > 2 and

Spw (€) = TIT ().

Proof:  We follow the notation of p-convexification of a Banach lattice in [26].
Let (E®) @,®,| - ||) be a p-convexification of E.
Let z, y be elements of in the unit sphere of E®) with

lz & (=y)|| = |(z"/P — y/P)P|V/P =e.

Then by Lemma 4.1 and the Krivine functional calculus, setting p = q > 2, we

obtain
1/p 1/p /p _ 1/p
1>Hx||+|\y|\>H|xl+|y|H>H‘x +y e ‘z y/rp
- 2 - 2 - 2 C
/ y /P _yl/p p
1/p 1/pp ’ —_—
= em ()|
/P4 P
Cp f@/
zl/p+y1/p p P
o |2 R e (2]
> || = (e
Therefore
/P 4yt py1/p 1 1/p
leey o= || < (+=5—==)
2 1+ 11 (555)
and the proof is done. |

Notice in Proposition 4.2 that the modulus of convexity is of power type if
Hf is of power type. Moreover, in the case that the modulus of monotonicity
Hf is of power type, we obtain the stronger version of the previous result.
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PROPOSITION 4.3: Suppose that E is a (real or complex) Banach lattice with
¥(e) = €. Then EW is uniformly convex with modulus of convexity
dpw (€) = " for all p > 1.

Proof:  We follow the notation of p-convexification of a Banach lattice in [26].
Let (E®,@,®,] - ||) be a p-convexification of E.
Let z, y be elements in the unit sphere of E®) with

Iz (—y)| = || @7 — y/7)P||/” = €

For p > 1, taking ¢ = 2p in Lemma 4.1, we obtain, by the Krivine functional
calculus,

(’xl/p — yl/P

2p 21/P yl/p
G |

2?)1/2 - (Iz|+ly|)_
2 - 2

Since the modulus of monotonicity is of power type €”, by the equation (2.2),
there is a positive constant J > 0 such that

n 1/2 n 1/7'
H (Z |xk|2) > (nxlnr s ||xk||f)
k=1 k=2

for every z1,...,x, in E. This gives the following inequalities:
1/p 1/p 2 /p _ 1/p 2p\ 1/2
1>Hxll+|\y|\>lel+|y|H>H(‘w i ‘x y P)
- 2 - 2 - 2 C
1/p 1/p pr p _ 1/p pyr\ 1/
> (== + =1
- 2 C
1/p 1/p T N\ 1/7
> (== +1@)")
2 C
Therefore,
xl/l)_i_yl/l) py1l/p €\ pry 1/pr
e (e e e (O
Izey) o2 5 < 5
and this completes the proof. |

It is shown in [14] that if E is a uniformly convex Banach lattice, it is also
uniformly monotone. In the following proposition, we refine this fact.

PROPOSITION 4.4: Suppose that a (real or complex) Banach lattice E is uni-
formly convex. Then it is uniformly monotone. In particular, we get for every
0<e<,

IE (e) > 20(e).
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Proof: Let 0 < € <1 and let ||z|| = 1 and ||y|| = ¢. Consider the following
vectors in

S S — 2|y
— = — d b= —".
R T E
Then a,b € Bg and so
a-+b
1“5 < 1= dmla—bl).
Thus
lall s <2||y||)
S| = El
that is
2Jy| Izl 11S] - |1«
O <l—-7t—7=—.
(T El ) El El

Notice that 2/||.S|| > 1 so that by the monotonicity of dg(¢)/e,

se(llyl) _ O=(gEylvl)
Iyl ~ %Hyn

It follows that

2|yl
25 (l) < 151 -du () < 151 = el
Therefore
1+ 26g(e) < [[|lz] + lylll,
and we obtain the desired result. [ |

The following is a partial generalization of results in [14]. It should be recalled
that the modulus of convexity always satisfy (see [27])

limsup dx (€)/e? < oo.

e—0

Therefore the modulus of convexity of power type should be of the form €”,
where r > 2.

COROLLARY 4.5: Let E be a (real or complex) quasi-Banach lattice with
M(®)(E) = 1. Then the following are equivalent:
(1) E is uniformly monotone.
(2) E® is uniformly monotone for every 0 < p < oo.
(3) EW®) is uniformly monotone for some 0 < p < .
(4) E®/®) is uniformly convex for every 2 < p < oc.
()

5) E®/®) js uniformly convex for some 2 < p < .
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Proof:  'We prove the implication (1) = (2). Suppose that E is uniformly
monotone. Then equation (2.1) and Proposition 2.6 imply that E(®) is uniformly
monotone for 0 < p < 1. Notice that for 0 < ¢ < 1 we have for every z and y in
E,

(121 + 1y DY = 2] + [y

Hence by the definition of modulus of monotonicity and g-convexification, we
have for every 0 < ¢ < 1
P (e = 1 ().

Hence E) is uniformly monotone for p > 1. The implication (1) = (2) is
proved.

The implication (2) = (3) is trivial. For the implication (3) = (4), assume
that E® is uniformly monotone for some 0 < p < oo and notice that E(1/®)
is a Banach lattice and it is uniformly monotone by the implication (1) = (2).
Then Proposition 4.2 implies that E®/) is uniformly convex for p > 2.

The implication (4) = (5) is trivial. Finally, suppose that (5) holds. Notice
that E(®/®) is a Banach lattice. Then Proposition 4.4 shows that E®/®) is
uniformly monotone. Then the implication (1) = (2) shows that E is uniformly
monotone and (5)=(1) is proved. |

If we use Proposition 4.3 instead of Proposition 4.2 in the proof of Corol-
lary 4.5, we have the following

COROLLARY 4.6: Let E be a (real or complex) quasi-Banach lattice with
M(®)(E) = 1. Then the following are equivalent:

1) F is uniformly monotone of power type;

2) EW® js uniformly monotone of power type for every 0 < p < co;

4) E®/®) js uniformly convex of power type for every 1 < p < oo;

(
(2)
(3) E®) is uniformly monotone of power type for some 0 < p < 00;
(4)
(5) E®/) js uniformly convex of power type for some 1 < p < 00;

In the next theorem we follow the outline of the proof of Theorem 3.2 in [34]
applying Proposition 4.3 instead of the fact that F is uniformly convex of power
type if MP)(E) = My (E) =1 for some 1 < p,q < oo.

THEOREM 4.7: Let 0 < @ < ¢ < oo. Let E be a quasi-Banach lattice with
M(®)(E) = 1. Suppose that the modulus of monotonicity TI¥ is of power type
€9. Then E is uniformly H-convex. More precisely, for any f € HP(E), where
p = max{2,¢(1 + [1/ min{c, 1}])}, we have

(L O + 81LF = FONrn) ' < £l z0 ().
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where § > 0 is a constant depending only on o and q. Consequently, hf (€) = €P.

Proof: Notice that if « > 1 then E is a Banach lattice and M) (E) = 1 holds.
Hence we may assume that 0 < o < 1. Let n = 14[1/a], where [a] is the largest
integer less than or equal to the real number a. Then M(O‘)(E) = 1 implies that
M@ (EM™) =1 and E™ is a Banach lattice. Since an > 1, by Proposition 4.3
E®™ is uniformly convex of power type €”, where p = max(2,nq). Now let
f € HP(E™). Noting that (f(0), f — £(0)) is a martingale difference (for the
definition of a martingale, see [29]) with values in E(™) and using Proposition 2.4
in [29] we have

(LF Oy + 0l f = FON G ) ? < 1F o azem),

where dj is a constant depending only on « and gq.

By Proposition 2.8, F does not have any ¢y isomorphic copy. Then we may
use Theorem 3.1 in [34] so that we get n functions fi, ..., f, with values in E(™)
such that

= H fi(z), for every z €D
and
I fill e ey = 1 fllaemys 1 fellgemmy =1, for2 <k <n.
M) (E) = 1 implies that for z,y in E,

Iz +yllE < [lzl% + lyllz-
Applying the Holder type inequality to the Banach lattice E(*/®) we obtain (see
Section 3 in [34]) that for any 0 < go,¢q1,¢ < oo with 1/¢ =1/¢gp + 1/¢1 and for
any € E(®) and y € E(®),

lzyll g < |2l gao |yl g -

Thus we have

If - f(O)IIZ (B)

n k—1
: ka S0 -no) T1 4]
HP(E) k=1 j=1 i1 Hr (E)
. aqp/o
Soiggl/qr{z ) = fx(0 1E1f1 } dm

P _
ne 1§ Ck,
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where

Ck = H I1£5(0 (n)” fk(o))”Z[){P(E(n)) H ||fi||zj){oo(E(n))'

i=k+1
Letting § = don' ~?/* and applying the Holder type inequality again,
IF (O +dllf = f(0) HHP(E)

< H”fk HE(") +5ozck

k=1
rn—1 b n—1
= Hka HE(") (an( H (n)+60||f" fn(O)HI]:(p(Em)))'i‘(SOZCk
- k=1 k=1
rn—1 n—1
TL 1)l s [y 80 3 e
k=1 k=1
rn—1 n—1

H [ £ (0 ||E<n> + do ch

_k 1 -
< 21RO + ol O

< A1l cry = 17 -

IN

IN

This proves the theorem with § = dqn!—#/<. |
The next theorem is a consequence of Proposition 2.6, 3.2 and Theorem 4.7.

THEOREM 4.8: Suppose that E is a quasi-Banach lattice with M(®) (E)=1 for
some « > 0. Then the following are equivalent:
(1) E is uniformly H-convex of power type;

(2) E is uniformly PL-convex of power type;
(3) E is uniformly C-convex of power type; and
(4) E is uniformly monotone of power type.

Notice that if F is g-concave, {, is not lattice finitely 1-representable in F,
so by Theorem 4.1 in [21], E is a-convex for some « > 0. Then, using the
similar idea as in [34], we can obtain the following theorem (cf. Corollary 3.3
n [34], Corollary 4.4 and 4.6 in [23]). For the relevant facts concerning the
super-properties, see [29].

THEOREM 4.9: For any quasi-Banach lattice (E, || - ||) the following are equiv-
alent:
(1) E is g-concave for some q < o0;
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(2) E has a lattice renorming under which it is uniformly H-convex;

(3) E has a lattice renorming under which it is uniformly P L-convex;

(4) E has a lattice renorming under which it is uniformly C-convex of power
type;

(5) E has a lattice renorming under which it is uniformly monotone of power
type;

(6) for any A\ > 1, £ is not finitely A\-representable in F;

(7) for any A\ > 1, £, is not lattice finitely A-representable in E; and

(8) E has the super-ARN P;

Proof:  The equivalence of (1), (2), (3) and (8) is shown in [34]. Suppose
that (1) holds. E is a-convex and g-concave for some o > 0. If we use the
convexification and Proposition 1.d.8 in [26], we obtain a lattice renorming
I - |l| with M) (E) = My (E) = 1. Then (£, ||| - ||) is uniformly monotone
of power type by Corollary 4.6 and it is uniformly C-convex of power type by
Theorem 4.8. Hence (1) implies (4). Proposition 3.1 shows that (4) implies
(5). The implication (5)=(6) is proved by Proposition 2.8. (6)=(7) is trivial.
We finish the proof by showing that (7) implies (1). Assume that (7) holds.
By Theorem 4.1 in [21], E is a-convex for some 0 < a < co. Suppose, on the
contrary, that E is not g-concave for any ¢ < co. F admits an equivalent a-
convex quasi-norm |||-||| with A(®)(E) = 1. Then the Banach lattice F = E(1/®)
is not g-concave for any g < co. Hence by Theorem 1.f.12 in [26], for any € > 0
and n € N there exist mutually disjoint elements z; > 0 (1 <4 < n) in F such
that for all complex numbers a; (1 < i < n) we have

Jmax. la;] <|la1 O x1 @ - D a, ©ap|lr < (1+€) Jmax. a;].

Using the definition of convexification and disjointness of x;’s, we get

max lai| < llarzs 4 - + anznll|lp < (14 €)Y max |ai).
Then /4 is lattice finitely A-representable in (E, | - ||) for some A. This is a
contradiction to our assumption. |

Remark 4.10: In the proof of Theorem 4.9, it is easy to check that the equiva-
lence of (1), (5), (6) and (7) can be established in real or complex quasi-Banach
lattices, which the Maurey-Pisier type theorem (see [9]) for quasi-Banach lat-
tices.
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Let E be a o-order continuous symmetric quasi-Banach function space on
(0, 00). Hereafter, (M, ) denotes a semifinite von Neumann algebra on a Hilbert
space H, with a faithful semifinite normal trace 7 and Lg (M, T) the associated
symmetric space of measurable operators. For the definition of the symmetric
space Lg(M,T) of measurable operators, consult [34].

If we review the proof of Theorem 4.4 in [34] with using Proposition 4.3
instead of the condition My(E) = 1, then it can be extended to the following

THEOREM 4.11: Let 0 < o < q¢ < o©. Let E be a complex symmetric quasi-
Banach function space on (0,00) with M(“)(E) = 1. Suppose that the mod-
ulus of monotonicity 11¥ is of power type €l. Then Lg(M,7) is uniformly
H-convex for any semifinite von Neumann algebra (M, 7). More precisely, for
any f € HP(Lg(M,T)), where p = max{2, ¢q(1 + [1/ min{«, 1}])}, we have

SO +81F ~ F O 1) ™? < I lan(oiry:

where § > 0 is a constant depending only on o and q. Consequently,

hﬁE(E’T) (€) = €”.

5. Lifting properties of uniform P L-convexity

Let E be a non-trivial quasi-K&the function space over a complete measure
space (Q,u). For the definition of a quasi-Kéthe function space, see [22]. Let
X be a non-trivial complex quasi-Banach space.

Let L°(X) be the set of all X-valued strongly p-measurable functions. The
quasi-K6the-Bochner function space (cf. [25]) E(X) is a quasi-Banach
space defined by

E(X)={f € L’X):t— | f(t)||x is an element of E},

with the quasi-norm

[z = IF Ol &

We show that a quasi-Kothe-Bochner function space (E(X), || - [[g(x)) is a
complete metric space and the quasi-norm is continuous if X is a continuously
quasi-normed space.

ProposiTION 5.1: Let X be a quasi-Banach space and let E be an a-convex
quasi-Ko6the function space on a measure space (€, 3, u) for some 0 < a < 0.
Then (E(X),| - | g(x)) is a complete metric space.
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Proof: 'We have for every finite sequence g¢i,...,¢g, in E(X) and t € Q,

igj“)HX < B(; ||gj<t>||§(>1/p,

since X is p-normable for some 0 < p <1 and B > 0. Let 8 = min{p, a}, then

o
Z ngH%(X) < %0
=1

for some sequence {g;} in E(X). After renorming and convexification, we can
apply Proposition 1.d.5 of [26] and we conclude that E is g-convex for every
0 < ¢ < a. Hence

H (il ||gj(.)||§<)1/p

This implies that

Dlgs)lx

n 1/8
<) Cloillin )
E j=1

p

- H(Z ||gj<->||&)1/p

By [6], E(/P) is complete. So Y22, ||gj||g(x) < oo implies that

n 1/8
<) lollis)
EQ1/p E Jj=1
n(t) = D lgs 1)l
j=1

converges in E(*/?). Notice that @7_, [|g;(t)]|x is increasing for n > 1. So it is
easy to check that for almost every t € 2,

h(t) = @ 195 ()] x -

We also have for every n > 1 and t € (,

" n 1/p o0
]Z_:lgj(t)HX < B<; ||gj(t)||§<) < Bj@ llg; ()|l

Hence it is shown that for almost every ¢ € €,

g(t) = Zgj (t)



Vol. 159, 2007 COMPLEX CONVEXITY AND MONOTONICITY 83

exists in X and g € E(X). For every n > 1

n o] 1/p
Hg—zgj SBH( > oyl )
=1 E(X)

Jj=n+1

o 18
<u0®8( Y lolky) -

Jj=n+1

Therefore {3 7, g} converges to g in E(X) if >°7° ||gj||%(x) is finite. The
proof is complete. |

PROPOSITION 5.2: Suppose that (X, | - ||x) is a continuously quasi-normed
space and suppose also that E is a complex quasi-Kothe function space with
M@ (E) =1 for some a > 0. Then the quasi-Kéthe-Bochner function space
(E(X),|l - lzx)) is a continuously quasi-normed space.

Proof:  'We may assume that 0 < a < 1. Since | - || x is uniformly continuous on
the unit ball of X, given € > 0 there exists § > 0 such that |||z|x — |lyllx| < e
if  and y are elements in Bx with ||z — y|lx < §. Choose n > 0 so that
K(1+41/0)n < €, where K is the quasi-norm constant of X.

Then if || flpcx) <1 and [lgllpx) <1 and [[f = gllgx) < n, let
Ar={t e Q:f(t) —g9(®)llx <dllg@)lx <dllfB)lx};
Az ={t € Q: [|f(t) = g(®)|x <3[F(D)llx <llg®)llx};
Bi={tcQ:|f{t) —g(@)lx = dllg(®)]x}; and
By ={t € Q:|f(t) —g(®)lx = o[ f ()] x}-

Ift e Al, let
H@) = O/ Bllx, 91() = g(@)/[1f(#)llx-
Then ||f1(t)[|lx =1, [lg@®)||lx <1, and || f1(t) — g1(t)||x < §. Therefore,

IF@Ollx = lg@llx = 17O xS O = Mg (@)l x) < el f@-
Note also that if t € By,
1£8)1x = [1(F() — 9®) + g@®)lx < KFE) — a(t)1x + lg@)x)

< K@ +1/0)[1f() — g(t)]x-

Hence for every t € QQ,
IF @Bl x —llg@lx

(5.1) < (IFOlx = llg@lx)xa, (&) + [Lf (Ol x x5, (£)

< el F(®)llxxa, (0) + KA +1/8)[f(t) — g(@) | xxB, (?)
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If we change the role of f and g in the inequality (5.1) we have

lg@)llx = [[f(D)llx < el f(E)llxxa,(t) + K1+ 1/0)[[ () — g(t)llx x5, (¢)
So we have for every t € €,

FOlx = lg@®llx] <ell f @)l xxa, @) + KA +1/)[1f() = g(t)[x xB: (2)
+ell FO)llxxa, (8) + KA+ 1/0)[[£(t) = 9() [ x x5 (1)-

Hence we have

HFOlx = lgOlIxNE < 2% fll ) + 2K+ 1/8)%(1f — gllEx)
< 2 4+ 2K%(1+1/8)%n* < 4e*.

Therefore

Wl Ex) = H9llEonl < HLFOIx = 1gClxlE < 4
This shows that [|- || g(x) is uniformly continuous on the unit ball of E(X). |

Notice that if we choose g € E and a € X such that ||g||z =1 and ||la||x =1,
then both, the map « — g(-)z from X into E(X) and the map f — f(-)a from
E into E(X) are isometries.

The next result is a generalization of Theorem 5.2 in [23] from Banach to
quasi-Banach spaces.

THEOREM 5.3: Suppose that (X, || - ||x) is a continuously quasi-normed space
and suppose also that E ia a complex quasi-Kothe function space with
M()(E) = 1 for some a > 0. Then the quasi-Kithe-Bochner function space
E(X) is uniformly PL-convex if and only if E is uniformly PL-convex and X
is uniformly P L-convex.

Proof: For a > 1, E is a Banach lattice, so we have M) (E) = 1. Hence
we may assume that 0 < o < 1. Suppose that F(X) is uniformly PL-convex
and suppose on the contrary, that E is not uniformly PL-convex. So there are
sequences (Z,), (yn) in E and € > 0 such that

lznlle =1, |lynlle =€, and hm/ |zn + eieynHE dm(0) = 1.
noJr

Let a be a norm one element of X. Since F(X) is uniformly P L-convex,

1< / lzn ® a + ey, ® all px)y dm(0) = / |20 + €%yn |z dm(6)
T T
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holds for all n € N, where z ® a is a function w — z(w)a from Q to X for every
x € E and for every a € X. Notice that ||z, ®al/ px) = 1 and ||y, ®al|p(x) > €.
Hence

lim/ |zn ® a + e®y, ® all p(x) dm(0) = 1.
n o Jr

This contradicts to the fact that E(X) is uniformly PL-convex. By the isometric
embedding of X into E(X), X is uniformly PL-convex if E(X) is uniformly PL-
convex.

For the converse, suppose that both E and X are uniformly P L-convex.
Consider the simple function

F0) = arxc,(0), 6 €02,
k=1

where G} are mutually disjoint Lebesgue measurable subsets of T = [0, 2] and
ap € E. Then the a-convexity of E with M(®) = 1 gives the following:

H<§'“i'“m(@>)l/a < <§|ain%m<@>)l/u,

where dm(t) = %dt is the normalized Lebesgue measure on T. Hence for every
1/«
s (e
T

1/«
< ([uri an)
E T
holds.

Let x, y be elements in E(X). Now we shall find simple functions that

simple function f: [0,27] — E,

approximate |z + e?y||x. For each n, let

2n(k —1) 27k

ak(t):inf{Hx(t)Jreey(t)HX:96[ o

), 96@}, k=1,...,2"
Letting
277
Fa0:1) =D an(O)X((2n (k1)) /27 (2nk) j2) (6),
k=1

we obtain the simple functions f, such that 0 < f,(0,t) T ||z(t) + ePy(t)| x
for every t € (2 and for every 6 € T. Then applying the monotone convergence
theorem, we have for each t € Q

/ Fu (6.6 dm(9) 1 / () + Py(0)1% dm(6).
T T



86 H. J. LEE Isr. J. Math.
Using Proposition 2.3, we have for every 6 € T,

T 11206, 0x) = e + €y,
and

dn ([ e dm(@)w =[[( L+ s dm(@)w .

Putting f,, instead of f in inequality (5.2) and taking a limit, we have

. 1/ 1/a
(Lo ez an) = |( L)+ o9 am) |

Hence letting f, g € E(X) with || f|| = 1 and ||g|| = 3'/% > 0, we get

</T||f+ei9gll%(x) dm(0 ) H(/”f 4 g0 dm(a))l/a

Let Vo
0= ([ 150+ )15 dno))

Ay ={t:[[fO = lg@)[l = 0}, Az ={t: | f(#)]l =0},
Ag ={t: [lg(@)[ > [IF(®)[] > 0}, R = support of g.
Then g = gxa, + 9gxa, + gxas. So there is i = 1,2,3 such that ||gxa,| > €.

E

CASE (1): Assume ||gxa,|| > € and let

C={t:llg@®) = e/3 £ )]}

Then
h(t) > [If (t)xo\(a,nr) (D)l x + h(t)xa,nr(T)
> [If @) xavanr) (D)l x + h(E)Xa,nrnc(t) + h(E)XA,nR\C ()
> || () xananr) Ol x + 11F @)1 x (1 + H (Sl/a))XAlﬁRmC(t)
+ 1 FOxxa,nr\c(t)
> IF ()l x +HlX(y%)”f(t)HXXAlﬂRmC(t)'

Notice also that
[ fxainrnclEx) = l9xainrnclEx) = llgxanclzx)

= loxaullpcn = loxanclzxo

o €* o 2e”
> lgxallzx) — 1 fxanellgx) = —
3 3
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Now the uniform monotonicity of E implies that

kil = £ O x + B (575 ) 1 Ollxxanane]lz

e (55) (5) "),

Hence

i o e B gx( € ) [2e"\Ve
([1r+ ez amo) = e (5 (50) (35)").

CASE (2): Assume ||gxa,l|| > €. Then

h(t) > [If(t)xa\(asnr) ()l x + h(t)X 4,0R(1)
= [[FO)xa\(a2nr) Bl x + (L F Ol x + 9] x)xa2nR(E)
= [[FOllx + gl xxa,(t).

It is clear that the uniform monotonicity of F implies that
[hllE = 1+ 117 (e).
Hence
. 1/«
([1r+ sl am@)) =14 10

CASE (3): Assume that ||gxa,|| > €. Then

h(t) 2 [1F ()l x xayas (8) + A(E)xa, (1).
Let 5
2411 o
5im1— (2
2 + 2117 ()
If || fxa,ll < 6% then lfxa\a,ll* > 1~ 6. Moreover

h(t) Z 1F (Ol xxava. (&) + 19 (O] xxa5(F)-

Since the uniform monotonicity of E implies that

Hls > (1= 8)/2 (1 4+ TP (e)) = 1+ 318,

SO

1/«
1 a 1
([1r+ el ) =14 505
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If, on the other hand, ||fxa,|| > 0%/, then

h(t) > [f () xxa\as () + (1 + HE ) (Ol xxa: (1)
= [IF@)llx + HY (WOl x x5 (D).

Thus by the uniform monotonicity of F,
Ihlle > 1+ TIF (HX (1)8*).

Hence )
(/T I+ €9l dm<9)) > 1+ TI7 (H{ (1)5Y/%).

Combining these three cases and taking

§ = min {1 (11 (55) (%)), F@. P @6 ),

1/a
( [+ sl de) 144,

which completes the proof. |

To conclude this paper we give some examples. Recall that, given 0 < p < oo
and a non-increasing, locally integrable function w: [0,7) — (0, 00), the Lorentz
space A, ., is defined as follows

Apr = {x & 1% |all, = ( [ @ @rat dt)l/p < oo},

where LU is a set of all measurable functions on [0,7) and z* is a decreasing
rearrangement of x € LY. For the definition and basic properties of decreas-
ing rearrangement, see [2]. For p = 1 it is denoted by A,. Observe that
Apw is a p-convexification of A,,. We say that the weight w is regular if
infye (o) S(t)/S(t/2) > 1, where S(t) = [} w(s) ds.

Ay is uniformly monotone if and only if w is regular (from [16]). Hence The-
orem 3.4 and Corollary 4.5 show the next proposition, which is a generalization
of Corollary 3.6 in [5].

PROPOSITION 5.4: The following are equivalent:
(1) w is regular;
(2) Ay is uniformly monotone;
(3) Ap,w Is uniformly monotone for every 0 < p < oco; and
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(4) the complex A, , is uniformly PL-convex for every 0 < p < 0o

Using both Theorem 5.3 and Proposition 5.4 we get the next proposition,
which is a generalization of Theorem 4.1 in [7].

PROPOSITION 5.5: Suppose that (X, ||-||) is a continuously quasi-normed space.
Then the complex space Ay ,(X) is uniformly PL-convex if and only if X is
uniformly PL-convex and w is regular.
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